We prove that a polygonal product of polycyclic by finite groups amalgamating normal subgroups, with trivial mutual intersections, is cyclic subgroup separable. Because of a recent example (stated below) of the author this substantial improvement on a recent theorem of Kim is essentially best possible.
INTRODUCTION
Over the last few years interest has been shown in studying the structure, in particular the residual structure, of so called polygonal products of groups which are defined as foEows.
DEFINITIONS AND NOTATION: Let P b e a polygon. To each vertex, v,otV assign a "vertex group" A v and to each edge, e,oiV assign an "edge group" A e and a pair X e , fi e of monorphisms embedding A e as a subgroup of each of the two vertex groups at the ends of e. The polygonal product of this system of groups is the group P with generators and relations those of the vertex groups together with the extra relations obtained by identifying a e A e and a e /x e for each a e in A e . Note that, if the polygon is a triangle then P may not contain the vertex groups isomorphically. (See [9] .) As a consequence we shall consider here only the case where the polygon has four edges, the cases of polygons with more than four edges being just as readily dealt with. Denoting the vertex groups (initially) by Ai (1 < i < 4) and the embedded subgroups .AjH-A.+i by Ki (all suffices being taken modulo 4), we shall assume throughout that each Ki(~\Ki + i is trivial. Then P is a generalised free product, P = (Ai *K t A 2 ) *K 2 *K t (A 3 *K 3 A t ) {of generalised free products} -so that P contains all the A{ and their intersections isomorphically. (This construction was used very effectively by Higman [6] in his construction of the first example of a finitely generated infinite simple group.)
We shall use gp{...} to denote the subgroup generated by the subgroups inside the brackets, and H < G (H < / G) to denote that H is a normal subgroup (normal subgroup of finite index) in G.
A (Thus all such groups are quite strongly residually finite.)
Recently, Goansu Kim [7] has greatly extended one of the early (and rather trivial)
results (see [3] ) concerning the residual finiteness of a polygonal product of four finitely generated free Abelian groups amalgamating cyclic subgroups (and, of course, with trivial intersections) by proving:
THEOREM A. (Kim [7] .) Let P be a polygonal product of four polycyclic by
Unite groups Ai, A^, A3 and A± where each amalgamated subgroup Ki -Aid Ai+\ lies in the centres of Ai and Ai+i. Then P is n c .
There certainly has to be some fairly strong condition on the Ki because of the following result in In proving the theorem we shall use the following result of Kim [8] .
LEMMA D. Let G = E*HF.
Suppose that: Note that Zo is totally determined within B * K. Its choice is independent of any larger subgroup of 5 * T. Zo is the subgroup W promised in the statement of the lemma.
We now show how to find the normal subgroup Q of finite index in A*u B such that QC\(B *K) = Z o .
In 
